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Finite Presentations of Pregroups
and the Identity Problem

ALEXA H. MATER AND JAMES D. Fix

Abstract

We consider finitely generated pregroups, and describe how an appropri-
ately defined rewrite relation over words from a generating alphabet yields
a natural partial order for a pregroup structure. We investigate the identity
problem for pregroups; that is, the algorithmic determination of whether a
word rewrites to the identity element. This problem is undecidable in gen-
eral, however, we give a dynamic programming algorithm and an algorithm
of Oerhle (2004) for free pregroups, and extend them to handle more general
pregroup structures suggested in Lambek (1999). Finally, we show that the
identity problem for a certain class of non-free pregroups is NP-complete.

Keywords PREGROUPS, FREE PREGROUPS, WORD PROBLEM, DY-
NAMIC PROGRAMMING, NP-COMPLETE

Lambek (1999) introduced Compact Bilinear Logic (CBL) to pro-
vide a computational method for deciding whether an utterance in a
natural language is grammatical. Using CBL, utterances are modeled
as elements of mathematical structures called pregroups. The structure
of a pregroup is based on a partial order over its elements and a set
of rules for how pregroup element multiplication relates to the partial
order.

6.1 Basic definitions

Definition 9 [Protogroup| A protogroup P is a quintuple (A, -, <, ¢, r)
consisting of a set of elements, a binary operation, and a binary relation,
and two unary operations respectively, which satisfy the following:
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1. - is associative.

2. < is a partial order; i.e. it is reflexive, transitive and anti-
symmetric.

3. Thereisa 1l € A where 1-a=a=a-1 for every a € A.
4. Foreverya€ A, a’-a<landa-a" < 1.
5. For any a,b,z,y € A, ifa <b,thenx-a-y<z-b-y.

The elements a’ and a” are the left and right inverses of a, respectively.
With these, it is natural to assume that

1I"=1=1%ad"=a=0ad" (a-b)"=b"-a", (a-b)" =0b"-a*

for any a,b € A. An a € A may have an infinite sequence of inverses:

cad%abaadmadm, .
We will follow Lambek in denoting a by a(?), the n-th left inverse of
a by a=™ and the n-th right inverse of a by a(™, so that the above
sequence can be written

L aD gD O oM @)

Definition 10 [Pregroup|] A pregroup P = (A,-,<,¢,r) is a pro-
togroup satsifying the additional property:

6. For every a,b € A, if a < bthen a2 < p2) gpd p2i+D) < ¢(2i+1)

It will be useful for our purposes to consider an equivalent pregroup
property, as noted by Buszkowski (2002):

6. Forallae A, 1 < alitDa®,

6.2 Applying CBL to Natural Languages

Lambek’s idea was to encode a natural language as a pregroup P by
associating with each word in the language an element of . An utter-
ance is encoded as a product b = ajas...a, of pregroup elements a;,
one for each word in the utterance. The goal is to have b < .S, for some
distinguished element S, whenever the sentence encoded as b is gram-
matical. For example, from Lambek (1999) we might assign elements
of a pregroup to the sentence “I have been seen” as follows:

I have been  seen

T Wrspf poﬂpf pOZ
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where the symbols 7, .S, p, 0 are elements of a pregroup. This sequence
reduces to S as demonstrated by the following:

(7" Sp*) (po"p*)(po) = (xn")S(p'p) (o ('p)o")
< (7m")S(p'p)(0"10")
= (an")S(p'p)(0"0")
< 8
Thus, “I have been seen” is a grammatical utterance with this pregroup

assignment.

As aresult, we are interested in the algorithmic question of determin-
ing whether x < y in a pregroup, where x and y are given as a product
of pregroup elements. This is the natural word problem for pregroups.
For free pregroups (defined formally below) where cancellations alone
yield the pregroup ordering, Oerhle (2004) presented an efficient algo-
rithm for the important case when y is given as a single element, rather
than as a product. We will review a version of this algorithm shortly.

The treatment of pregroups in Lambek (1999) suggests that algo-
rithms for the word problem need to consider additional order relations
among elements. For example, Lambek suggests first, second, and third
person singular pronouns could be assigned the types 71, 72, and 73,
respectively, and the additional order relations m; < 7 for a type 7 of
all singular pronouns could be assumed part of the pregroup structure.

Considering this further, the pregroup order could include a rela-
tion like be < a. Such additional constraints could give a pregroup a
context-free rewrite structure, the reverse of Chomsky Normal Form
productions A — BC.

To handle the additional structure that may come with a pregroup,
care must be taken in specifying the form in which it is presented as
input to an algorithm. To do this, we adapt the notion from combina-
torial group theory (see Cohen (1989), Magnus et al. (1966)) of a finite
group presentation to pregroups and protogroups. This is a syntactic
treatment of pregroups, one where strings of symbols from an alphabet
form the pregroup elements, and where the ordering structure comes
from rewrite steps, possibly augmented with additional order relations
between words.

6.3 Pregroup Presentations

For any set G, let G’ = {a'” | a € G, i € Z} be the set of pregroup
letters over G. A pregroup word W over G is a sequence of letters,
that is, W = xzi25...2, where each zp € G’. We include the empty
letter sequence, denoted by e, in the set of pregroup words. Let G*
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denote the set of all pregroup words over G. The elements of G are the
generators of G*.
Define the left inverse function L : G* — G* as follows:
€ iftW=¢
LW)={ a1 if W=a® foracg
L(zy)...L(x2)L(x1) W =ux1...2, and each x; € G'.
The right inverse function R : G* — G* is defined similarly.

Any binary relation R on G* induces a rewrite relation on G* defined
by:

L wEw,

2. W1 X W3 whenever Wy X Wy and Wh X Wiy,
3. Wi W Wy B W, WW, whenever W 55 W,

4. X B pfor (A p) €R, and

5 a®a(+t) B o for g e G.

A rewrite step employing rule (5) (in conjunction with rule (3)) is called
a contraction.

If we identify two words W7 and W5, that is, say that W; = W,
whenever both W3 X Wy and Wo it W1 hold, we have the following
proposition:

Proposition 10 The set of all words over G forms a protogroup under
the binary operation of juxrtaposition with identity element €, the unary

operations L and R, and the binary predicate R,
Thus, it is natural to define the following.

Definition 11 [Protogroup Presentation]| If P is a protogroup given
by G and R according to the previous proposition then G and R form
a protogroup presentation of P.

The relations R can encode the additional structure among words.
For example, a presentation of Lambek’s natural language pregroup
in the discussion above would include generators m, 7y, mo, w3 and the
relations (my,7), (7o, m), (73, 7).

Definition 12 [Pregroup Presentation| Extend R to include the
property
6. ¢ 5 a1 for g € G.

A rewrite step employing this rule is called an expansion. Using this,
we have a proposition for pregroups analogous to Proposition 10. We
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also obtain an analogous notion of a pregroup presentation which we
will denote by P = (G, R),.

In what follows, we assume that an algorithm’s input includes a
finite-sized presentation of the structure being considered. We will be
less careful about describing presentations syntactically, and return to

using < instead of E, ¢ and r instead of L and R, and 1 instead of ¢.

6.4 The Identity Problem

From a linguistic perspective, we are primarily interested in determin-
ing, whether W < S where S is some distinguished element in the
generating set for P. Note that W < S if W = Wi TW,, Wp < 1,
Wy < 1, and T < S. Using this fact for the pregroups we consider,
leads us to consider the following problem:

The Pregroup Identity Problem

Given: P =(G,R),, W e G*
Determine: whether W <1 in P.

We say that W is nullable in P whenever W < 1.

In general, the identity problem is undecidable for pregroups. This
can be proven by showing that any finitely presented group can be
encoded as a finitely presented pregroup. Since the identity problem is
known to be undecidable for finite presentations of groups, this implies
that the identity problem is undecidable for pregroups in general. The
identity problem is decidable, however, for certain restricted classes of
pregroups. Below we describe algorithms for these classes.

6.4.1 An Algorithm for Free Pregroups

We say that a pregroup is free if its presentation has R = (0. The
following is a consequence of a corollary of Lambek (1999), page 21:

Proposition 11 Let W be a nullable word in pregroup P = (G,0),.
Then W <1 by a series of contractions.

As an immediate consequence, the identity problem for free protogroups
and pregroups are equivalent. In addition, a simple dynamic program-
ming algorithm, similar to the CYK algorithm (Younger, 1967, Kasami,
1965) for parsing strings in a context-free grammar, can be employed
to determine whether W is nullable. Let v be a boolean predicate over
words G* that holds exactly when a word is nullable. Let W =z ...,
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L/ 1]2]3][4]
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X|IX | X[ X || X |||
X=X || X || X |~ oo

5)
X
1
X
1
X
X
X
X

QO | O] U = W N
XX | X|X|X[X]|X
XX | X|X|X[X]|X
XX |[X|X|X|[X]|+=
XX | X|X| X[ X

FIGURE 1: The table T corresponding to the word a‘aa”a‘aaaa”.

for xy, € G'. The following recurrence holds:

x; € lefts(z;) and j =i +1

x; € lefts(z;) and v(ziqq1...25-1) =1

v(z;...zx) =1and v(xpgr...x5) =1
for some k,

v(z;...z;) = 1 whenever

v(z;...z;) = 0 otherwise.

In the above, lefts(a(?) is just the singleton set {a(*~1}.

Briefly, to determine v(z;...x,) the dynamic programming algo-
rithm simply constructs a table T with entries

T, jl = v(z;...x;)

Entries T'[i, j] where j — i = 1 are determined first, followed by those
where j — ¢ = 3, then j — ¢ = 5, and so on, ending with the determi-
nation of T[1,n]. The table’s entries can be determined in O(n?) time
assuming that membership in lefts(z;) can be determined in constant

time. Figure 1 gives the table for the word a‘aa”a‘aaaa’.

6.4.2 Allowing ambiguity: Oehrle’s algorithm

In linquistic applications of protogroups it is common to assume that
a lexical element may have more than one word associated with it.
Oerhle (2004) gives a clever extension of the above algorithm, as a graph
rewrite algorithm, that efficiently handles word assignment ambiguity.
We give a brief review and reformulation of it here.

In Oehrle’s algorithm, each lexical element e; of a candidate sentence
e1...en is assigned a directed acyclic graph fragment F;. If e; can be
assigned the pregroup word W =z ...x,, then the graph fragment F;
has a subfragment with n vertices vy, ..., v, each labelled with letters
x1 through x,. A directed edge connects v; with v;41 in this subfrag-
ment. F; is just a union of the subfragments of all words W that can
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be assigned to e; (these are assumed to form a finite set).

Let s(F;) be the set of vertices in F; with no predecessors (incoming
edges) and let ¢(F;) be those with no successors (outgoing edges). A
graph G is constructed from the candidate sentence by adding edges
from all vertices of t(F;) to all vertices of s(F;41), for all 7. In addition, a
distinguished vertex s is added with edges to s(F7) and a distinguished
vertex t is added with edges from t(F),).

The following graph modification algorithm is then applied to G

Q@ := the edges of G
while @ is not empty do
remove an edge (u,v) from @
if label(u) € lefts(label(v)) then
for each predecessor u’ of u, successor v’ of v do
add edge (u/,v') to G and Q

The candidate sentence is nullable if s and ¢ are connected by an edge
in the resulting graph.

6.4.3 Non-free Pregroups with Promotions

As we noted above, allowing arbitrary relations in R makes the identity
problem undecidable. We consider two restrictions on R:

Generator Promotions : All relations in R are of the form a < b
where a,b € G, that is, R C G x G. ! In this case, we can extend
our rewrite system to include

a2 R p2k)

p(2k+1) R q(2k+1)

for all (a,b) € R and k € Z.

Letter Promotions : All relations in R are of the form a(® < p(@)
where a,b € G, that is, R C G’ x G’. In this case, we can extend
our rewrite system to include

alit2k) R p(i+2k)
pli+2k+1) R q(iT2k+1)

for all (a,b)) € R and k € Z.

Employing one of these rules in a rewrite step is called a promotion
(note that Lambek calls Generator Promotions induced steps). The fol-
lowing generalization of Corollary 1 of Lambek (1999), page 21 holds
for these presentations:

INote that such presentations are called free pregroups by Lambek (1999).
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Theorem 12 Let W be a nullable word in a pregroup P = (G, R)
where R C G’ x G'. Then W < 1 by a series of contractions and
promotions.

Proof Let W < UV < UaltVa®DV < 1 where the last inequality
occurs only through contractions and promotions. We have two cases
to consider:

Case 1: U < 1 without expansions, a(*t1) < b)) by promotions, V < 1
without expansions, and a® < bU*1) by promotions. In other words,
the expansion introduces two letters that cancel after a series of pro-
motions. In this case, UV < 1 without expansions.

Case 2: U = UyzlUs, ¢ < bY) by promotions, alit!) < pU+D by
promotions, Uy < 1 without expansions, V = Viyls, y < c#tD by
promotions, a'? < ¢*) by promotions, Vi < 1 without expansions, and
U1V, < 1 without expansions. In other words, the first inserted letter
cancels with the a letter in the prefix U and the second inserted letter
cancels a letter in the suffix V. In this case, note that, b)) < a9 and
k1) < (i+1) by promotions, and so

2y < bWy < aWy < @D+ < (R p(kt1) <
by promotions and one contraction. Thus
UV = U1aUsViyVe < UyzViyVe < UyzyVe < U V2 <1

without expansions.
Since, in either case, UV < 1, we can always remove the last expan-
sion to demonstrate the nullability of W, and the theorem follows. [

Given a presentation where R has only generator promotions, we
can compute the transitive closure R* of R. Using R* we can employ
the algorithms for free pregroups given above using

lefts(a) = {6 | (a,b) € R*,be G}
for even i and

lefts(a™) = {b) | (b,a) € R*,b € G}
for odd 1.

A presentation with letter promotions, however, makes the identity
problem NP-hard. Consider the following problem:

The Pregroup Letter Promotion Problem
Given: pregroup P = (G,R), where R C G’ x G, z,y €
g/
Determine: whether x < y by promotions.
Suppose z = a™ and y = bY) for a,b € G. Note that 2 < y by promo-
tions exactly when there exists a generator sequence ag, ay,...,a, € G
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with ag = a and a,, = b, an integer sequences i1, ...,i, and ki,...,k,
where either 2
2km) (i +2km)
(amfl ) Ay € Rv

or
im+2km+1 (2k7n+1)
(agn ) » Ay —1 €ER

for each m with 0 < m <n, and

n
m=1
as this allows the series of promotions

a® = af) < a{t <aftrE) < g gititiat i) = p()

— n
that demonstrate that < y. The summation requirement is the key
to our NP-hardness proof.
Theorem 13 The Pregroup Letter Promotion Problem is NP-complete

Proof The following problem is NP-complete (see Garey and John-
son (1979)):

The Subset Sum Problem

Given: integer subset S, integer s
Determine: the existence of an X C S with s =

ZzGX €.
An instance of the Subset Sum Problem with set S = {t1,t2,...,t,}
and target sum s can be reduced to the Letter Problem instance

g:{G‘Oaala"'va/’n}

R ={(ai_1,a;) | 0 <i<nlU{(a;_1,a!?) |0<i<n}

%

T = ag
y=al
It should be clear that x < y by promotions exactly when there exists
a subset of S that sums to s. O

6.5 Further Questions

Though allowing general letter promotions make the word problem for
pregroups NP-hard, there may be algorithms that work well in prac-
tice. For example, it is likely that any application of pregroups would
make use of letter promotions of the form a(® < b)), where li—i] < M,
where M is sufficiently small. In addition, it seems interesting to in-
vestigate what pregroup structures result from other natural classes of
presentation relations R beyond those that allow just generator and



70 / ALExa H. MATER AND JAMES D. Fix

letter promotions, and from an algorithmic perspective, to determine
the complexity of the word problems for these classes.
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