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Abstract

This paperintroducesλ-grammar, a form of categorialgrammarthathas
much in commonwith LFG. Like other forms of categorial grammar, λ-
grammarsare multi-dimensionaland their componentsare combinedin a
strictly parallelfashion.Grammaticalrepresentationsarecombinedwith the
help of linear combinators, closedpure λ-termsin which eachabstractor
bindsexactly onevariable. Mathematicallythis is equivalentto employing
linear logic, in usein LFG for semanticcomposition,but themethodseems
morepracticable.

While λ-grammarscouldbeusedto formalizemany approachesto gram-
maticaltheory, they arecertainlynaturalasa basisfor the formalizationof
LFG.This leadsto atheoryI would liketo call λ-LFG. In thispaperit will be
shown how thestandardcomponentsof LFG canbesetup in theframework.
We will have descriptionsof c-structure,descriptionsof f-structure,andse-
mantics.Thedifferencebetweendefiningandconstraininginformationwill
beexplainedin termsof entailment,andrequirementson long-distancepaths
in f-structurewill be explainedin termsof entailmentin the presenceof a
simplesetof axioms.

1 Introduction

In this paperI want to discussa versionof Lexical-FunctionalGrammar(LFG)
that is also a versionof Categorial Grammar(CG). A convergencebetweenthe
two frameworkshassetin at leastsinceZeevat,Klein, andCalder(1986)proposed
a ‘sign-based’categorial grammarandOehrle(1988)defined‘multi-dimensional’
categorial grammars.The sign-basedapproach,now adoptedby many categorial
grammarians(e.g.Moortgat1991;Morrill 1994;Moortgat1997),1 allows various
grammaticalrepresentationsto becombinedin tandem,amoveclearlyreminiscent
of LFG’smulti-componentarchitecture.

A secondimportantstepleadingto furtherconvergenceof thetwo frameworks
wasDalrympleet al.’s (1993)proposalto useLinear Logic2 asa ‘glue’ between
f-structureandsemantics.The

�������
	��
fragmentof IntuitionisticLinearLogic that

is usedin this ‘glue’ approachis in factidenticalwith theundirectedLambekCal-
culus.3 This still leavesa gapbetweenthe two frameworks, asmostversionsof

1Signsin CategorialGrammararesequencesof representations.For example,Zeevat,Klein, and
Calder(1986)work with signsof the form  phonology, syntacticcategory, semantics,order� . Each
slot in thesequencemaybeassociatedwith its own form of reasoning.Thisshouldbedistinguished
from theconceptof a sign in Head-DrivenPhraseStructureGrammar, wheremultiple levelsof the
grammararerepresentedin oneattribute-valuematrix.

2Theoriginalpaperon LinearLogic is (Girard1987).An attractive textbook(Troelstra1992).
3For theoriginal versionof theLambekCalculus,seeLambek1958;for theundirectedversion



CategorialGrammararedirectionalanddistinguishbetweencategoriesA� B (seek-
ing a B to theright) andB� A (seekinga B to theleft). LinearLogic andtheundi-
rectedLambekCalculuscollapsethis to a singleB

���
A, a formulathatconsumes

a B andthenproducesanA, irrespective of order. Themotivation for usinga di-
rectionalsystemcomesfrom awish to treatwordorderdirectly on thelevel of the
calculus.Grammaticalformalismsthattreatwordorderin adifferentway, asLFG
does,canmake do with nondirectionality.

In fact thetreatmentof word ordercanbefactoredout of thegeneralcalculus
in CG as well. Considerthe signs in (1), which are in the style of (Moortgat
1991;Morrill 1994)andaretriples consistingof a string,a semanticterm,anda
directionalcategory. Since(1a) hasa type which seeksan np to the left, it can
be combinedwith (1b). The combinationconsistsof string concatenationin the
first dimension(forming likesJohn), applicationin theseconddimension(forming
λxλy��� like� y� x����� j � , whichreducesto λy� like� y� j � ), anda form of ModusPonensin
thethird dimension.Theresultis asin (1c).

(1) a. likes: λxλy� like� y� x� : � np� s�
� np

b. John: j : np

c. likesJohn: λy� like� y� j � : np� s
Thedirectionalityof thetypesherecodestheway in whichstringscanbeconcate-
nated,but, aswasobservedin (Oehrle1994;Oehrle1995),this informationcanbe
shiftedto thesyntacticdimensionif we arewilling to let syntacticrepresentations
be lambdaterms, in analogywith semanticrepresentations.(1a) then becomes
(2a),whosefirst elementis a lambdatermover stringsandwhoselastelementis
anundirectedtype.Combining(2a)with (1b),now usingapplicationin thefirst as
well asin theseconddimension,leadsto (2b).

(2) a. λxλy � y likesx : λxλy� like� y� x� : np
��� � np

���
s�

b. λy � y likesJohn: λy� like� y� j � : np
���

s

Thereis muchto besaidfor sucha shift of word orderinformationfrom thelevel
of typesto the syntacticdimension.4 A priori it seemsthat oncewe have a syn-

Benthem1986;Benthem1988;Benthem1991;for a survey of Categorial Grammarin theLambek
traditionMoortgat1997.

4Interestingly, Curry(1961)alreadyarguesfor thisapproach.Curryconsidersfunctors, whichare
expressionscontainingsubscriptedblanks,suchas‘—1 is between—2 and—3’ or ‘—1 wereeaten
by thechildren’. Functorscanapply to argumentsandargumentsareto besubstitutedfor blanksin
theorderof thesubscripts.Essentiallythen,althoughCurrydoesnotexplicitly mentionthis,functors
are lambdatermsover syntacticobjects. For example,the first of the functorsjust mentionedcan
alsobewritten ‘λxλyλz� x is betweeny andz’.



tacticdimension,wordordershouldbehandledthere.But therearealsoempirical
consequences,onepositive, the other lessso. Let us look at a consequencethat
is lessthan positive. One clear attractionof categorial grammarsis the way in
which (non-constituent)coordinationis treated(seee.g.Steedman1985; Dowty
1988; Moortgat1988). The sign in (3a) canbe formedfrom (1a) and(1b) with
the help of hypotheticalreasoningandcansubsequentlybe coordinatedwith the
similar sign in (3b). The result is as in (3c), which may be usedto obtain(3d).
Coordinationis concatenationin thefirst dimension(with thecoordinatingwordin
betweenthecoordinatedelements)andeitherunionor intersectionin thesemantic
dimension,dependingon whetherthecoordinationis a disjunctionor a conjunc-
tion. Thetypesof thecoordinatedsignsmustbeequalandtheresultwill have the
sametypeagain.

(3) a. Johnlikes: λx� like� j � x� : s� np

b. Mary hates: λx� hate� m� x� : s� np

c. Johnlikesbut Mary hates: λx� like� j � x��� hate� m� x� : s� np

d. Johnlikesbut Mary hatesbananas: like� j � b��� hate� m� b� : s

Treatmentsof coordinationalongtheselines arenot without their problemsand
usuallyresultin overgeneration(see(Mil ward1994;Moortgat1997)for gooddis-
cussions),but neverthelessseemto farewell comparedto many otherapproaches.
Theanalysisdependson a reductionof thesyntacticdimensionto stringsandcol-
lapseswhenricherstructuressuchastreesaretakento bebasic.A move to repre-
sentationssuchastheonesin (2) doesnotseemto becompatiblewith thisanalysis
of coordinationeither.

On theotherhandsuchrepresentationsimmediatelysolveoneof theproblems
of thestandardLambekCalculus.SinceJohnlikescanbeanalysedasans� np, it
is easyto obtainparsesfor sentencessuchas(4a) in Lambek’s system.Thetrick
is to categorizewhoasanitemthatsearchesans� np to its right. whomustalsobe
categorizedassearchingfor annp� s in view of (4b). But what to do if thegapis
medial,asin (4c)?

(4) a. awomanwhoJohnlikes

b. awomanwho likesJohn

c. awomanwhoJohnlikesenormously



In orderto dealwith this problemclever extensionsof theLambekCalculushave
beenproposed(e.g.Morrill 1994).But theseextensionsarealsoconsiderablecom-
plicationsof theoriginal idea. For thekind of representationsin (2), on theother
hand,aproblemwith medialgapsdoesnotevenarise:Therelevantrepresentations
canbetakento beλx.Johnlikesx, λx.x likesJohn,andλx.Johnlikesx enormously,
all of typenp

���
s. Therelative pronouncansubcategorizefor this type.5

(5) a. Everyonelovessomeone

b. Bill thinkssomeonekissedCarol

Similarly, it is well known thattheLambekCalculuscandealwith scopeambigu-
ities aslong asthescopetakingelementsarein a peripheralposition:(5a)will get
its desiredtwo readings.But assoonasa scopetakingelementis non-peripheral,
difficulties may arise(Hendriks1993; Morrill 1994; Moortgat1997; Dalrymple
et al. 1999). For example,(5b) will not obtaina readingin which someonetakes
scopeover thinks. Again, operators(suchasMoortgat’s � ) have beenintroduced
thatcleverly circumventtheproblem(seeDalrympleetal. 1999however)but also
complicatethecategorial machinery. Moving to anundirectedcalculuswill make
the problemdisappear, asthe peripherydoesnot play any specialrole in sucha
system.I take this to bestrongevidencethatwordorderinformationshouldnotbe
treatedonthelevel of thetypesystembut shouldbedealtwith in asyntacticdimen-
sion. If it is representedin the type systemthis essentiallysyntacticinformation
causestroublein thesemantics.

If Oehrle’s move from simplestringsto lambda-edstringsandfrom adirected
to anundirectedcalculusis acceptedthena third stepnarrowing thegapbetween
CG andLFG is made.Thesamecalculusnow playsa centralrole in bothgram-
maticalframeworks. An obviousnext step,madein (Oehrle1999),is to bring the
variouscomponentsof thecategorial grammarinto line with thecomponentsthat
are recognizedin LFG. Oehrleconsiderssequencessuchas the onein (6), con-
sistingof a lambda-edc-structure,a lambda-edf-structure,a semanticterm,anda
type.Suchsignsarecombinedwith thehelpof theundirectedLambekCalculus.

(6)

λyx�
S

NP

x

VP

V

saw

NP

y

: λyx�
PRED ‘ SEE’
TENSE PAST

SUBJ x
OBJ y

: λyx� see� x� y � : np  "!#� np  "! s�

5The sign for the pronounwho could be taken to be λXλy � y whoX(ε) : λXλYλz� X $ z%'& Y $ z% :$ np (�) s%*(�)+$ n (�) n% , whereε is theemptystring.



syntax: k
�
f : ν t

�
F : νt T

�-,
: � νt �
� νt �

semantics: x
�
y : e i

�
j : s p : st P : e� st �

Table1: Typographicalconventionsfor variablesusedin this paper. Var : Type
meansthatVar (with or without subscriptsor superscripts)alwayshastypeType.

Oehrle’s work will bemy point of departureandshouldreceive muchpraise,but I
have a point of criticism aswell. Thetermsin thefirst two dimensionsof (6) are
structures. More precisely, they arefunctionsthattake certainargumentsandthen
givestructuresasa result.While I think it possibleto fleshthisout formally, I also
think it is not very promisingasa formalizationof LFG. Oneof theimportantin-
sightsof (KaplanandBresnan1982)wasa separation,at leastin thef-dimension,
of descriptionsandthestructuressatisfyingthem.Thisdistinction,which is alsoat
theheartof modeltheory, is lost if signsgeta form asin (6).6 As a consequence,
it will not bepossibleto modeldisjunctiveor negativeconstraints.It will alsonot
be possibleto formalize the differencebetweendefiningandconstraining infor-
mation,or to explain pathconstraintson f-structurearisingout of long-distance
dependencies.Suchmechanismsarepartandparcelof Lexical-FunctionalGram-
mar andin this paperI will show that they caneasilybe accountedfor within a
combinedCG-LFGapproachif ashift from structuresto descriptionsis made.

A seconddeparturefrom Oehrle’s proposalthat I want to suggestinvolves a
simplificationof the technicalmachinerywhich now becomespossible.Thusfar
we have consideredsignsthatneededto becombinedwith thehelpof someform
of LambekCalculus,but it is well-known (seeBenthem1986,for example)that
proofsin theimplicationalfragmentof theundirectedLambekCalculus(= Linear
Logic) areisomorphicwith linear combinators, closedpureλ-termsin whicheach
abstractorbindsexactly onefree variable. This will make it possibleto do away
with proofsaltogetherandto just considercertainlinear combinationsof lexical
elements.

2 λ-Grammars

To make concretewhat I have in mind, I will definea small toy grammarin this
section. In the next sectionsomeelaborationsand revisions will be discussed.
Considerthethreesignsin (7).

(7) a. john : λ f � arc� f � cat
�
N��� arc� f � num

�
sg�*� arc� f � pers

�
3� : john

6A footnotein (Oehrle1999)creditsa refereewith suggestingamove from structuresto descrip-
tionsin thef-dimension.



b. mary : λ f � arc� f � cat
�
N��� arc� f � num

�
sg�*� arc� f � pers

�
3� : mary

c. λt1λt2 ��� t2 � loves t1�.� :
λF1λF2λ f / f1 f2 �F1 � f1 �*� F2 � f2 ��� arc� f � cat

�
V�*� arc� f � tense

�
pres�*�

arc� f1 � cat
�
N �*� arc� f � obj

�
f1 �*� arc� f2 � cat

�
N �*� arc� f2 � num

�
sg�*�

arc� f2 � pers
�
3��� arc� f � subj

�
f2 ��� :

λxλyλi � love� y� x� i �
Thesesignseachconsistof a c-structurecomponent,an f-structurecomponent,
andasemanticcomponent.Expressionsin sans serif in thec-structuretermsareof
typeνt, anddenotesetsof nodes.7 For example,john canbethoughtof astheset
of nodesthatarelabeled‘John’, whereasanexpressionsuchas � loves mary� canbe
thoughtof asthesetof nodesk directlydominatinganodek1 labeled‘loves’ anda
nodek2 labeled‘Mary’, with k1 precedingk2. More informationaboutc-structure
componentswill follow in thenext section.

The f-componentsof our signsconsistof λ-termsover the first order feature
languageof (Johnson1991)andthesemanticsin thethird componentis in accor-
dancewith a streamlinedform of Montague’s (1973)theory. Constantsjohn and
maryareof typee and love is of typee� e� st �
� . Constantscat, num,pers, etc.are
of a typea (attributes),while N, sg, 3, . . . areof typeν (nodes).8 More typing in-
formationis givenin Table1. For themoment,we considera grammarwith three
dimensions,but in generalthe numberof dimensionsof a grammaris arbitrary
(thoughfixed). The termsthat we areinterestedin areall closedandwe require
thatlexical elementshave closedtermsin eachdimension.

Signscanbecombinedby meansof pointwiseapplication. In general,if M 01
M1

� �
�
� � Mn 2 andN 0 1
N1
� �
�
� � Nn 2 aresequencesof λ-termssuchthat Mi � Ni � is

well-typedfor eachi, thepointwiseapplicationof M to N is just1
M1 � N1 � � �
�
� � Mn � Nn � 2 �

Generalizingthenotationfor application,wedenotethisasM � N � . It is easilyseen
thattheresultof pointwiseapplicationof (7c) to (7a)equals(8a)modulostandard
equivalencesandthat(8a)((7b))reducesto (8b).

(8) a. λt2 ��� t2 � loves john�.� :
λF2λ f / f1 f2 �F2 � f2 �*� arc� f � cat

�
V��� arc� f � tense

�
pres�*� arc� f1 � cat

�
N �� arc� f � obj

�
f1 �*� arc� f2 � cat

�
N �*� arc� f2 � num

�
sg�*� arc� f2 � pers

�
3�*�

arc� f � subj
�
f2 ��� :

λyλi � love� y� john
�
i �

7Wedropthe (�) in types,in conformitywith theusagein semantics.
8For simplicity, we make no typedistinctionbetweentreenodesandfeaturenodesin this paper,

but theconceptualdistinctionis importantof course.



b. �mary � loves john�.� :
λ f / f1 f2 �arc� f � cat

�
V�*� arc� f � tense

�
pres�*� arc� f1 � cat

�
N ���

arc� f � obj
�
f1 �*� arc� f2 � cat

�
N �*� arc� f2 � num

�
sg�*� arc� f2 � pers

�
3���

arc� f � subj
�
f2 ��� :

λi � love� mary
�
john

�
i �

The threedescriptionsin sententialsignssuchas(8b) eachdenotea set in every
possiblemodelof the language;the first two setsof nodes(type νt), the third a
setof possibleworlds (a proposition,type st). The ideais that if the secondset
is non-emptyin somemodelof theaxiomsin Johnson1991(seebelow), thenany
nodesatisfyingthe first descriptionshouldbe connectedto the truth conditions
expressedin thethird element.Therequirementthatthesecondcomponentshould
be satisfiableprovides for a subcategorizationmechanism.E.g., combining(8a)
with a plural subjectwould have led to an f-descriptionthat canonly denotethe
emptyset.

In (9) and (10) somemore lexical signsare given with two resultsof their
possiblecombinationsin (11).

(9) a. man : λ f � arc� f � cat
�
N�*� arc� f � num

�
sg�*� arc� f � pers

�
3� : man

b. woman : λ f � arc� f � cat
�
N�*� arc� f � num

�
sg�*� arc� f � pers

�
3� : woman

(10) a. λtλT � T � a t � :
λFλ

, � , � λ f � F � f �*� arc� f � cat
�
N�*� arc� f � num

�
sg��� arc� f � pers

�
3�
� :

λP3 Pλi / x �P3�� x�
� i ��� P� x�
� i ���
b. λtλT � T � every t � :

λFλ
, � , � λ f � F � f �*� arc� f � cat

�
N�*� arc� f � num

�
sg��� arc� f � pers

�
3�
� :

λP3 Pλi 4 x �P3 � x�
� i �65 P� x�
� i ���

(11) a. λT � T � every man� :
λ
, � , � λ f � arc� f � cat

�
N�*� arc� f � num

�
sg��� arc� f � pers

�
3�
� :

λPλi 4 x �man� x� i �65 P� x�
� i ���
b. λT � T � a woman� :

λ
, � , � λ f � arc� f � cat

�
N�*� arc� f � num

�
sg��� arc� f � pers

�
3�
� :

λPλi / x �woman� x� i �*� P� x�
� i ���
The termsthatour signsconsistof aretyped,but it is expedientto type thesigns
themselvesaswell. Typesfor signswill becalledabstract types. Abstracttypesin



abstracttype syntacticdimensions semanticdimension
S νt st

NP νt e
N νt e� st �

Table2: Concretizationsof abstracttypesusedin thispaper.

thispaperarebuilt up from groundtypesS, NP andN with thehelpof implication,
andthushave forms suchasNP S, N((NP S)S), etc. A restrictionon signsis that
a signof abstracttypeA shouldhave a termof typeAi in its i-th dimension.The
valuesof the function � i for groundtypescanbe chosenon a per grammarbasis
and in this paperareas in Table2. For complex types,the rule is that � AB� i 0
AiBi . This means,for example,that NP(NP S)1 0 NP(NP S)2 07� νt �
�
� νt � νt � and
that NP(NP S)3 0 e� e� st �
� . As a consequence,(7c) shouldbe of type NP(NP S).
Similarly, (7a)and(7b) canbe taken to be of type NP, (8a) and(8b) areof types
NP S andS respectively, etc. In general,if M hasabstracttypeAB andN abstract
typeA, thenthepointwiseapplicationM � N � is definedandhastypeB.

Abstractioncanalsobe lifted to the level of signs. Supposingthat the vari-
ablesin our logic have somefixed orderingand that the numberof dimensions
of the grammarunderconsiderationis n, we definethe k-th n-dimensionalvari-
ableξ of abstracttype A asthe sequenceof variables

1
ξ1
� �
�
� � ξn 2 , whereeachξi

is the k-th variableof type Ai. Thepointwiseabstraction λξM is thendefinedas1
λξ1M1

� �
�
� � λξnMn 2 . A definitionof pointwisesubstitutionis left to thereader.
With thedefinitionsof pointwiseapplication,pointwiseabstraction,andn-di-

mensionalvariablein place,we canconsidercomplex termsbuilt up with these
constructions.(12a),for example,is thepointwiseapplicationof (11b)to thepoint-
wisecompositionof (11a)and(7c). Hereζ is of type NP. (12a)canbeexpanded
to (12b),whereeachdimensionof a lexical signis denotedwith thehelpof anap-
propriatesubscript(e.g.(11b)1 is λT � T � a woman� ). Thetermsherecanbereduced
andtheresultis asin (12c),asigncouplingthec-descriptionin its first dimension
to oneof its possiblereadings.The otherreadingis obtainedfrom (12d), which
reducesto (12e).

(12) a. (11b)� λζ � (11a)� (7c)� ζ �
�
�
b. (11b)1 � λζ1 � (11a)1 � (7c)1 � ζ1 �
�
� :

(11b)2 � λζ2 � (11a)2 � (7c)2 � ζ2 �
�
� :
(11b)3 � λζ3 � (11a)3 � (7c)3 � ζ3 �
�
�

c. �.� every man�8� loves � a woman�.�.� :
λ f / f1 f2 �arc� f � cat

�
V�*� arc� f � tense

�
pres�*� arc� f1 � cat

�
N ���



arc� f � obj
�
f1 �*� arc� f2 � cat

�
N �*� arc� f2 � num

�
sg�*� arc� f2 � pers

�
3���

arc� f � subj
�
f2 ��� :

λi / y �woman� y� i ���94 x �man� x� i �65 love� x� y� i ���.�
d. (11a)� λζ2 � (11b)� λζ1 � (7c)� ζ1 �
� ζ2 �
�
�
e. �.� every man�8� loves � a woman�.�.� :

λ f / f1 f2 �arc� f � cat
�
V�*� arc� f � tense

�
pres�*� arc� f1 � cat

�
N ���

arc� f � obj
�
f1 �*� arc� f2 � cat

�
N �*� arc� f2 � num

�
sg�*� arc� f2 � pers

�
3���

arc� f � subj
�
f2 ��� :

λi 4 x �man� x� i �65:/ y �woman� y� i �*� love� x� y� i ���.�
Let uscall termssuchas(12a)and(12d),whicharebuilt upfrom lexical signswith
thehelpof n-dimensionalvariables,pointwiseapplicationandabstraction,n-terms.
It is worth to notethatn-termsaresubjectto the laws of α, β, andη-conversion,
i.e. reasoningwith themis asusual. But clearly, not every n-term makes for an
acceptablecouplingbetweensyntaxandsemantics.Werestrictourselvesto linear
combinationsof lexical elements.Thesearen-termsthatareclosedandconformto
theconditionthatevery abstractorλζ, with ζ ann-dimensionalvariable,bindsex-
actly onefreeζ. n-termsconformingto this conditionarecalledgeneratedsigns.9

Conditionssuchasthe requirementthat the third componentof a generatedsign
mustbesatisfiableareadmissibilityconditionsandageneratedsignobeying them
is calledadmissable.

Multidimensionalgrammarsthataresetup in theway sketchedhere,with λ-
termsin eachdimensionof the grammarand linear combinationasa generative
device, will be calledλ-grammars. If a λ-grammaris meantto be an alternative
formalizationof LFG insights,asthegrammarsin this paperwill be,it is calleda
λ-LFG. For moreinformationonλ-grammars,see(Muskens2001a).

Sinceany n-termM obeys theusuallaws of λ-conversion,it canbewritten in
theform C � L1 ��;
;
;<� Lm� , whereL1

� �
�
� � Lm arelexical signsandC is ann-termthat
doesnotcontainany lexical material.If M is closed,C is amulti-dimensional(and
typed)variantof acombinatorin thesenseof (CurryandFeys1958).In caseM is
a generatedsign,C will correspondto a linear (or BCI) combinator. For example,
(12a)canberewritten as(13), with λQ1λRλQ2 � Q1 � λζ � Q2 � R� ζ �
�
� playingtherole
of thelinearcombinatorcombining(11b),(7c),and(11a).

(13) λQ1λRλQ2 � Q1 � λζ � Q2 � R� ζ �
�
�
� (11b)�
� (7c)�
� (11a)�
From the fact that linear combinatorsplay an importantunderlyingrole we see
that λ-grammarshave obvious affinities not only with LFG andLambekCatego-
rial Grammar, but alsowith CombinatoryCategorial Grammar(seee.g.Steedman

9Notethatany linearcombinationof generatedsignsis itself a generatedsign.



1996; Steedman2000). But λ-grammarsshouldbe distinguishedfrom standard
categorial grammarsin thatthey arenon-directionalanddonotusederivations.

3 λ-LFG

The purposeof this sectionis twofold. First we needto fill in somedetailsthat
were left openin the definition of our toy grammar. We will take a closerlook
at the c-descriptionandf-descriptioncomponents.For the logic of the semantic
componentthereaderis referredto thefirst chaptersof (Muskens1995).Whenthe
necessarydetailshave beenfilled in, we will show how thedescriptionsapproach
thatis takenin thispaperallowsfor theincorporationof somefurtherideasthatare
centralto LFG.

3.1 A Closer Look at C-descriptions and F-descriptions

3.1.1 C-descriptions

Termssuchas � loves � a woman�.� in fact canbe taken to be abbreviationsof tree
descriptions.Wefleshthisoutby providing theν domainwith binaryrelations=?>
(properdominance),= (immediatedominance),and @ (precedence)andby impos-
ing thenecessarystructureby meansof axioms(seealsoCornell1994;Backofen
et al. 1995;Muskens2001b).Herewe just adopttherequirementsin (14). (14a)
statesthat the relations =?> and @ arestrict partial orders,while (14b) and(14c)
imposeInheritance, (14d)requiresRootedness(r is aconstantof typeν here),and
(14e)defines= asan immediatedominancerelation in termsof = > .10 The last
axiomexcludesthepossibilitythatleafnodeshave morethanonelabel.

(14) a. = > and @ areirreflexive andtransitive

b. 4 k1k2k3 �.� k1 =?> k2 � k1 @ k3�A5 k2 @ k3�
c. 4 k1k2k3 �.� k1 = > k2 � k3 @ k1�A5 k3 @ k2�
d. 4 k � r =?> k B r 0 k�
e. 4 k1k2 � k1 = k2 C 4 k3 � k1 = > k3 = > k2 5D� k3 0 k1 B k3 0 k2�.�.�
f. 4 k E9� δ1 � k�*� δ2 � k ��� , if δ1 andδ2 aredistinctlexical labels

10Theserequirementsin themselvesdo not suffice to axiomatizethenotionof linguistic tree.For
instance,theusualrequirementof Exhaustivity(F k1k2 G k1 H k2 I k2 H k1 I k1 JLK k2 I k2 JLK k1 I k1 M
k2 N ) is not met. But the axiomsaresufficient in the sensethat the termswe generatewill have a
minimal modelwhich is a tree.



Usingtherelations= and @ , we define �A1 ;
;
; Am� to beanabbreviation of (15).11

(15) λk / k1 �
�
� km �A1 � k1 �*�O�
�
�P� Am� km ��� k = k1 �Q�
�
�P� k = km � k1 @R;
;
;�@ km�
In otherwords, �A1 ;
;
; Am� will denotethesetof nodeswith daughtersA1, . . . , Am

(in thatorder),asexpected.E.g., � loves � a woman�.� now is shortfor (16).

(16) λk / k1k2 � loves � k1 �A� k = k1 � k = k2 � k1 @ k2 �S/ k3k4 � a � k3 �T� woman � k4 �A�
k2 = k3 � k2 = k4 � k3 @ k4�.�

From (16) we seethat a minimality requirementis needed:As thingsstandthe
statement�A1 ;
;
; Am��� k� may hold in somemodel in which k hasdaughtersother
thanA1, . . . , Am.12 We excludethis possibility by our interpretationof generated
signs.First, definetherelation U betweenmodelsfor thetreelanguageby letting
M 3 U M if andonly if (a) the domainof M 3 is a propersubsetof the domainof
M, (b) the root of M 3 is the root of M, and(c) elementsof M 3 are in the proper
dominancerelationin M 3 if andonly if they arein theproperdominancerelation
in M. (Thereis no similar constrainton precedence.)Now let V be a generated
admissablesignwith c-descriptioncomponentC andsemanticcomponentS. We
say that a treemodelM expressesS if M is a modelof the axiomsin (14) that
satisfiesC � r � andno M 3AU M is both a modelof the axiomsin (14) andsatisfies
C � r � . Theminimality conditionwith respectto U servesto rule out structuresM
thathave morenodesthanwereintended.

Thus far, we have not put any category information into our c-descriptions.
This could be donevery easilyby letting category labelssuchasAP, VP, . . . be
termsof typeν andby stipulatingthat � LA1 ;
;
; Am� , whereL is a category label, is
shortfor λk� arc� k� cat

�
L ���W�A1 ;
;
; Am��� k �
� . However, weshallprefertreatingmajor

category informationonaparwith featureinformationin therestof thispaper.
Writing �A1 ;
;
; Am� for (15) will behandyin circumstanceswherewe wantthe

grammarto prescribethewayin whichthedaughtersof agivenmotherareordered.
But this is not alwayswhat we want. In many languagesthe orderof daughters
is not rigidly constrained.The non-configurationalWarlpiri language(Simpson
1991), for example,hasessentiallyfree word order in nominalandverbalfinite
clauses,theonly restrictionbeingthat ‘auxiliaries’ alwaystake secondposition.13

11Theuseof squarebracketsin GA1 X�XYX AmN is specialandshouldbedistinguishedfrom its normal
usein terms.

12Onewayto ruleoutsuchundesiredstructureswouldbeto strengthenthedefinitionof GA1 X�XYX AmN
with anextra conditionof theform F kZ G k J kZ\[ G kZ M k1 I �Y�Y� I kZ M kmN]N . However, suchastrength-
eningwould precludethepossibilityof attachingextra daughtersto a givennodewhile constructing
a description.

13AUX elementswith a polysyllabicbasecantake first or secondposition(Simpson1991).I will
ignorethis possibilityfor thesake of exposition.



In (17) it is illustratedhow word order in the simplesentenceNgarrka-ngkuka
wawirri panti-rni canvary, as long as the presenttense‘auxiliary’ is in second
position.(Theexampleis from (Hale1983).We limit ourselvesto threeof thesix
possiblepermutations.)

(17) a. Ngarrka-ngkuka wawirri panti-rni
man-ERG PRES kangaroo(ABS) spear-NPST

Themanis spearingthekangaroo

b. Wawirri ka ngarrka-ngkupanti-rni

c. Panti-rni kawawirri ngarrka-ngku

d. *Panti-rniwawirri ka ngarrka-ngku

Thisbehaviour canbemodeledby weakeningthedescriptionin (15)andrequiring
pairwisedisequalitiesinsteadof a seriesof precedences.Let uswrite �A1 ;
;
; Am� u
for thefollowing property:

(18) λk / k1 �
�
� km �A1 � k1 �*�O�
�
�P� Am� km ��� k = k1 �Q�
�
�P� k = km � i ^_ j ki `0 k j �
�A1 ;
;
; Am� u � k� will hold if k is themotherof daughtersA1, . . . , Am; but this timeno
orderingis prescribed.

We needa way to modelthefact thatAUX elementsalwaystake secondposi-
tion. Let uswrite Asnd for:

(19) λk �A� k�a�b/ k1k2 � k1 = k � k1 = k2 � k2 @ k �c4 k3 �.� k1 = k3 � k3 @ k�T5 k2 0 k3�.�.�
Theterm in (20) will now describeall grammaticalvariationsof sentence(17) in
the sensethat any of its minimal modelsis an acceptabletree for one of these
variationswhile eachacceptabletreeis amodel.

(20) �Panti-rni wawirri kasnd ngarrka-ngku� u
3.1.2 F-descriptions

Thefollowing threeaxiomsarea directadaptationfrom (Johnson1991).Thefirst
putsa functionality requirementon the transitionrelation. The secondembodies
theconstraintthatatomicfeatureshaveno furtherattributes(Cval standsfor theset
of constantsdenotingatomicfeatures,suchassg, past,. . . ). And thethird axiom
schemagivesconstant-constantclashesby requiringthatpast `0 sg, past `0 pres, V

`0 N, etc.



(21) a. 4 a4 f1 f2 f3 �.� arc� f1 � a� f2 �*� arc� f1 � a� f3 ���d5 f2 0 f3�
b. 4 a4 f E arc� c� a� f � , wherec e Cval

c. c `0 c3 , for all syntacticallydistinctpairsc
�
c3"e Cval

For moreinformationabouttheseaxiomsthereaderis referredto (Johnson1991).

3.2 Incorporating More Ideas from LFG

3.2.1 Checking as Entailment

Thus far, information in the f-componentsof our signshasbeenof the defining
kind, but LFG hasalwaysdistinguishedbetweendefiningandconstraining equa-
tions(seeKaplanandBresnan1982).Thefirst give positive information,thesec-
ond an obligationto checkwhethercertaininformationis present.For example,
thedefiningequation�
� INF �f0hg setsthe INF valueof � to g , whereasthecon-
straining �
� INF �i0 c g checkswhetherthe INF valueof � is g after all defining
equationshave beenprocessed.

An obvious way to model this logically is to say that constraininginforma-
tion mustbeentailedby defininginformation. In (22) two of thesignsin (7) are
repeated,but this time thereare two f-components.The first consistsof defining
information,thesecondof definingplusconstrainingmaterial.

(22) a. john :
λ f � arc� f � cat

�
N��� arc� f � num

�
sg�*� arc� f � pers

�
3� :

λ f � arc� f � cat
�
N��� arc� f � num

�
sg�*� arc� f � pers

�
3� :

john

b. λt1λt2 ��� t2 � loves t1�.� :
λF1λF2λ f / f1 f2 �F1 � f1 �*� F2 � f2 ��� arc� f � cat

�
V�*� arc� f � tense

�
pres�*�

arc� f � obj
�
f1 �*� arc� f � subj

�
f2 ��� :

λF1λF2λ f / f1 f2 �F1 � f1 �*� F2 � f2 ��� arc� f � cat
�
V�*� arc� f � tense

�
pres�*�

arc� f1 � cat
�
N �*� arc� f � obj

�
f1 �*� arc� f2 � cat

�
N �*� arc� f2 � num

�
sg�*�

arc� f2 � pers
�
3��� arc� f � subj

�
f2 ��� :

λxλyλi � love� y� x� i �
Note that the third elementof (22b)containsmorematerialthanthesecond.The
extra statementsare the onesthat needto be checked. In order for this to work
we needto revisethedefinitionof admissabilityslightly. Supposethatsomesetof
axiomssuchastheonesin (21) is given.A generatedsignof typeS is now defined
to be admissableif (a) its first f-componenthasa non-emptydenotationin some



modelof theaxioms,and(b) thedenotationof its first f-componentis a subsetof
thedenotationof its secondf-componentin all modelsof theaxioms.Thesecond
conditionis in factanentailmentrequirement.14 Thereaderwill have nodifficulty
in seeingthatagreementis now enforced.In ‘JohnlovesMary’ therequiredentail-
mentholds,but only becausethef-descriptionsfor ‘John’ and’Mary’ provide the
materialrequestedby ‘loves’.

Thereis alot of duplicationin thefour-dimensionalsignsin (22)andin practice
it seemspossibleto usethe notationin (23) where just one term is used,with
subscriptsc on somesubformulas.This is just shortfor a four-dimensionalsign.
The secondf-descriptionis theonethat is given (without the subscripts),but the
first is obtainedby deletingall subscriptedmaterial. The checkingprocessnow
boils down to the requirementthat subscriptedmaterialmustbecomeredundant
undertheusualrulesof logic.

(23) a. john : λ f � arc� f � cat
�
N��� arc� f � num

�
sg�*� arc� f � pers

�
3� : john

b. λt1λt2 ��� t2 � loves t1�.� :
λF1λF2λ f / f1 f2 �F1 � f1 �*� F2 � f2 ��� arc� f � cat

�
V�*� arc� f � tense

�
pres�*�

arc� f1 � cat
�
N � c � arc� f � obj

�
f1 ��� arc� f2 � cat

�
N � c � arc� f2 � num

�
sg� c �

arc� f2 � pers
�
3� c � arc� f � subj

�
f2 ��� :

λxλyλi � love� y� x� i �
The formalizationof constraininginformationgiven hereis straightforward and
in the endwe employ a notationthat is very closeto the standardone. But note
that explaining thedistinctionbetweendefiningandconstrainingmaterialasthat
betweenwhat is given andwhat mustbe derived essentiallyrequiresworking on
a level of descriptions.A structuralapproach,astheonein (Oehrle1999),cannot
explain thedifferencein this way.

3.2.2 The Long Distance: Checking F-paths

The techniquedevelopedin theprevious sectioncanalsobe usedto characterize
non-localdependenciesby checkingwhethercertaintypesof pathexist in thefunc-
tionaldomain.StandardLFGusesthedeviceof functionaluncertainty(Kaplanand
Zaenen1989)here,but it seemsthat thepresentapproachcanhandlepathcheck-
ing without additionalmachinery. ConsiderKaplanandZaenen’s rule for English
topicalizationin (24).

14It maybeworthy of noticethatwhile the treatmentof agreementin (7) restedcrucially on the
axiomsin (21), thenew treatmentin (22)doesnot in factmake useof theseaxioms.Thesituationis
discussedandexplainedin (Johnson1999). We like to remainagnosticaboutthequestionwhether
in theendaxiomssuchasthosein (21)will beneeded.



(24) S3 5 XP or S3 S
( � TOPIC) = j

( � TOPIC) = ( � � COMP, XCOMP
�
*(GF

�
COMP))

The secondannotationon this rule statesthat theremust be a path from the f-
structureconnectedto the motherS3 to that connectedto the topicalizedelement
andthatthepathshould,top-down, startwith zeroor moreCOMP or XCOMP tran-
sitions,andthenbottomout with onetransitionlabeledby agrammaticalfunction
(SUBJ, OBJ, OBJ2,. . . ) otherthanCOMP. It is not statedhow many openor closed
complementsarepresent,whencethe uncertainty. The seriesof complementsis
calledthebodyof thepath,thefinal grammaticalfunctionits bottom.

Supposewewantedto prove in oursystemthatacertainpathwasa topicalisa-
tion path(for English).Thenthefollowing axiomswould beneeded.

(25) a. 4 f f 3 f 3 3<�.�bodyT � f � f 3 3k�*� bottomT � f 3 3 � f 3����A5 pathT � f � f 3 3Y���
b. 4 f bodyT � f � f �
c. 4 f f 3 f 3 3<�bodyT � f � f 3Y�*� arc� f 3 � comp

�
f 3 3����A5 bodyT � f � f 3 3k���4 f f 3 f 3 3 �bodyT � f � f 3 �*� arc� f 3 � xcomp
�
f 3 3 ���d5 bodyT � f � f 3 3 ���

d. 4 f f 3
�arc� f � subj
�
f 3���5 bottomT � f � f 3����4 f f 3
�arc� f � obj

�
f 3��"5 bottomT � f � f 3k��� , etc.,for all grammaticalfunctions

save comp.

The first two of theseHorn statementsarenot particularto Englishandsaythat
a topicalisationpathmustconsistof a bodyanda bottomandthata bodymaybe
empty. Thestatementsin (25c,d),on theotherhand,give theparticularform that
bodiesandbottomsin Englishtopicalizationpathsmusthave.

In orderto beableto give a treatmentof topicalizationusingtheseaxioms,we
mustat leasthave onecomplementtakingverbat our disposal.In (26) a sign for
thinksis given,verymuchalonglinesthatarenow familiar.15 In combinationwith
similar signs(26) can provide the arbitrarily long distancesthat somesyntactic
constructionscanbridge.

(26) λt1λt2 ��� t2 � thinks t1�.� :
λF1λF2λ f / f1 f2 �F1 � f1 �*� F2 � f2 ��� arc� f � cat

�
V�*� arc� f � tense

�
pres���

arc� f1 � cat
�
V � c � arc� f � comp

�
f1 �*� arc� f2 � cat

�
N � c � arc� f2 � num

�
sg� c �

arc� f2 � pers
�
3� c � arc� f � subj

�
f2 ��� :

λpλyλi 4 j �B� y� j � i �+5 p� j ���
15Thetermin thesemanticcomponentof thinksgivesa versionof Hintikka’s theoryof belief as

truth in all doxasticalternatives.ReadB $ yl j l i % as‘world j is a doxasticalternative for y in world i’.



Thesignin (27) givesa treatmentof nounphrasetopicalization.It hasa form that
requiresit to becombinedwith (a)asentencelackinganounphrasewhichmaybe
a generalizedquantifier(type ((NP S)S)S), and(b) the lacking nounphrase(type
(NP S)S). WeuseZ for variablesof thefirst type,Q for thoseof thesecond.When
appliedto signsof suchtypes(27) returnsa signof typeS, sothat its overall type
is (((NP S)S)S)(((NP S)S)S).16 The term in the first dimensionof (27) preposes
the syntacticmaterialof its quantifierargumentto the resultof providing its first
argumentwith atracee. Thetermin theseconddimensionprovidestheZ argument
with anew quantifierthatessentiallyconsistsof theold oneplus(a)theinformation
thatthef-structureconnectedwith theNP is a topic of thef-structureof theresult,
and(b) the requirementthat a topicalisationpathmustrun from the latter to the
former. Thetermin thesemanticdimensionmerelycopiesthesemanticsof theZ
argument.17

(27) λZ1λQ1 ���Q1 � λt � t � Z1 � λT � T � e �
��� :
λZ2λQ2λ f �

Z2 � λ , � , � λ f 3 � Q2 � λF� F �
� f 3 ��� arc� f � topic
�
f 3 �*� pathT � f � f 3 � c �
�
� f � :

λZ3 � Z3

As anexampleof how this works,considerthegeneratedsignin (28a),which can
be shown to reduceto the sign in (28b). Many requirementsthat have already
beenchecked are omitted in (28b), but the crucial requirementpathT � f � f1 � c is
displayed. However, this statementcaneasilybe derived usingarc� f � comp

�
f3 � ,

arc� f3 � obj
�
f1 � , and the axioms in (25). It is clear that thesepath axiomswill

alwaysallow the requirementto be satisfiedas long as the defining information
providesapathof theright kind.

(28) a. (27) λQ� (26) Q� λζ � (23b)� ζ �
� (7b)�
� (7a) (11b)

b. �.� a woman�P� john � thinks �mary � loves e�.�.�.�.� :
λ f / f1 f2 f3 f4 � arc� f1 � cat

�
N �*� arc� f1 � num

�
sg�*� arc� f1 � pers

�
3�*�

arc� f � topic
�
f1 �*� pathT � f � f1 � c � arc� f2 � cat

�
N ��� arc� f2 � num

�
sg���

arc� f2 � pers
�
3��� arc� f3 � cat

�
V �*� arc� f3 � tense

�
pres��� arc� f3 � obj

�
f1 �*�

arc� f3 � subj
�
f3 �*� arc� f4 � cat

�
N ��� arc� f4 � num

�
sg��� arc� f4 � pers

�
3�*�

16It seemswe needto go thishigh in orderto preserve scopepossibilities.A simplifiedversionof
thesignmakesdo with type(NP S)(NP S):
λTλt � G t T $ e % N : λ m λFλ f � mn$ λ f Z � F $ f Z %o& arc $ f l topicl f Z %o& pathT $ f l f Z % c %<$ f % : λP� P
This is simpler, but requirestheNPto bequantified-inat thepoint of topicalizationor higher.

17Thereareof coursesemanticandpragmaticconsequencesof topicalisation,but we ignorethem
here.



arc� f � cat
�
V ��� arc� f � tense

�
pres�*� arc� f � comp

�
f3 �*� arc� f � subj

�
f4 ��� :

λi 4 j �B� john
�
j
�
i �p5q/ x �woman� x� j ��� loves� mary

�
x
�
j ���.�

Weconcludethatnoextramechanismis neededfor pathconstraints.Pathrequire-
mentsarejust constraininginformationin ourapproachandconstraininginforma-
tion is modeledusingentailment. But while the treatmentof path requirements
reducesto the treatmentof constraintsin general,thereis still a computational
differencebetweenthemandthesimpleagreementrequirementsthatweremetbe-
fore. While thelattercanbeshown to besatisfiedonthebasisof simpleproperties
of conjunctions,theformerneedreasoningin aHorn theory.

4 Conclusion

We have definedλ-grammars,a form of categorial grammarbasedon multidi-
mensionalsignsthatcanbecombinedusinglinearcombinators.We alsohopeto
have shown that this form of grammarsquareswell with the set-upof LFG and
many importantideasunderlyingthatgrammaticaltheory. Componentsof signsin
λ-grammarsarecombinedin a strictly parallelway. Thelinearcombinatorscom-
bining themprovide a form of resource-sensitivity thatis alsopresentin themath-
ematicallyrelatedlinearlogic. This takescareof theCoherenceandCompleteness
requirementsin LFG (approachesto LFG basedon linear logic alsotake careof
theserequirementsautomatically).Sincethevariouscomponentsof our grammar
areterms,andsincetermsdescribestructureinsteadof providing it, we immedi-
ately reapsomeof thebenefitsof thedescriptionsapproachto grammar. Thereis
no difficulty with expressingnegative or disjunctive informationandit wasshown
that the distinction betweendefiningandconstraininginformation, importantin
LFG, cannaturallybemodeledasanentailmentrequirement.Constraintson long-
distancepathscanbe modeledin essentiallythesameway, usinga simplesetof
axiomscharacterizingacceptablepaths.

The strictly parallelcharacterhasadvantages,but it alsohasdrawbacks. An
advantagewhich theapproachshareswith otherformalizationsof LFG is thatse-
manticsneednot becompositionalwith respectto surfacestructure.As I hopeto
show in a longerversionof this paper, examplesrefuting surfacecompositional-
ity, suchasdiscontinuousadjective-nouncombinationsin Warlpiri andothernon-
configurationallanguages,poseno problem. A disadvantageof the strict paral-
lelism in this paperis that the lack of communicationbetweenvariouscompo-
nentsis total. Researchersin LFG have found it fruitful to mix statementsabout
precedenceandgrammaticalfunction(Bresnan1995),but this is impossiblein the
presentset-up. Oneway to allow a form of communicationwould be to let the
variouscomponentssharecertainconstants,but discussionabouthow this canbe



donein a sufficiently restrictedway shouldalsoawait the longerversionof this
paper.
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